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SUMMARY

Using convergence in probability and Slutsky’s Theorem, asymptotic distribution of
Gini-ratio is obtained. The derivation covers the case of mixed (negative as well as

positive) income profile.
Keywords : Inequality ; Gini-ratio ; Normalisation ; Negative Income ; Convergcnce
in Probability. ]

‘ : ' 1. Introduction ,

Ever since its advent in 1912, the Gini coefficient or Gini ratio con-
‘tinues to be in vogue and is practitioner’s favourite, particularly in
empirical studies on income inequality. When the distribution profile
has only positive incomes, the asymptotic distribution of estimated Gini
‘ratio is given by Ramakrishnan [8]. The related test of significance for
either a specified Gini ratio or for the difference between two Gini
ratios, can easily be constructed. But in case the distribution profile has
both negative ! and positive incomes — the case of negative incomes

' \

1. Those dealing with income distribution aspects of rural economy in developing
economies will appreciate -that we do encounter negative incomes, farm Income
variously defined and profit etc. Also the phenomenon of negative incomes (i.e. losses)
is so frequent in industries ; see, for instance Hagerbaumer [5], Pyatt-chen Fei [7],
Singh, Ajit [11]. Studies in Economics of Farm Management, various states, Issued
" by :— The Directorate of Economics and Stausucs Ministry of Food and Agriculture,
Govt. of Indla. -
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‘being visualised in the losses which a farm firm or an organisation may
have, the sampling distribution of Gini ratio is still not known,

This paper is an attempt-to plug this very gap by finding non-paramet-
ric test statistic and its asymptotic distribution. Further, the usual .
definition of Gini ratio would require certain modifications.? However,
Chen et al. [2] have suggested a normalised Gini ratio, in case the distri-
bution includes both positive and negative entries, under the condition
that the mean' of the distribution is positive. The modified measure
retains all the basic properties of the conventional Gini ratio. We" have
followed this definition of normalised Gini ratio along with its two ver-

_sions (see Chen et al. [2] which have been defined in Section 2. Once the
"asymptotic distribution of the statistic, for both the versions of normalis-
ed Gini ratio, is obtained the related tests of significance based on single
sample or two independent samples can easily be developed; as suggest-
ed in Section 3.

. 2. Definitions and Pr\eliminaries '

Let Yy, Ys, . . ., Yn be arandom sample of size n, drawn from an
unknown income distribution F(Y). It is assumed that the distribution
has a finite mean = and has a differentiable density. We also assume that

some of the incomes, ¥;’s might be negative but the total income is posi-
tive, i.e. '

n R ) . -
2 Y>>0 .1)
i=1
" . n ) N
It might be added that thecaseof % ¥, <0 might throw further
’ . cd=1 . )

theoretical possibilities but this makes an economic absurdity. Hence in
this paper we restrict ourselves to the realistic case of a viable economy

producing positive income in the aggregate. Let the incomes be ordered
as - _

$, <L<...<Yn

2. In case, the data profile has both negative and positive entries, the Gini ratio
may exceed one and thus may overestimate the inequality. To avoid this. some adjust-
ment 'is needed in this case. Till recently the usual procedure was to ignore negative
entries by taking them as zeros and then compute Gini ratio. -



120 JOURNAL OF THE INDIAN 30CIETY OF AGRICULTURAL STATISTICS

Then the Gini ratio is estimated as

FaY
A A
G = - )
27 . | (22)
n .
A
where A= # 2 (Y — ¥p) (2.3)
nm—1); i=1j<1i
1« -
and ¥ = n—_z Y, (2.4)
Todi=1
Let yi = Y‘_, i=1...n 2.5
7 .5)

where. yi is the income share of the ith unit,

Let us define & as the largest integer; such that

k
I y,=0 (2.6)

i

Following Sen {9] and Chen et al. [2] and using the two definitions (2.5)
and (2.6}, the expression for G can be written as follows :

é (}’1 — )
<

i

A
G =

M=

xlj

~ nll[i:zly; =@+ ]

_ 'ﬁ[. gl'y‘(n - +:;(n—i))]

— 14 L__ Zw (A + 2 (1 —i))

n—1 M
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¥
=1+ ooy oy (izliy‘)-
n

— 2= Y nl+26-) @)
. i=k+1 -

| -

A formulation as in (2.7) brings home the point that the coefficient can
take a value greater than one, when negative incomes are present in the
distribution. )

Let us consider the case of extreme inequality when one family, say nth
carns all the income and the other (7 — 1) families together earn nothmg
at all. Now

’ ’ n—1
_"k=n——l, Yo =1, iZ . yi=20

and the expression (2.7) reduces to

n—1

A 2 . |
G=1 + p— z iy o (2.8)

i=l

If all incomes were. non-negatwe, then in the case of extreme inequality
yi=0foralli < nand G ‘equals one. )

However, in the presence of negative income, we will have w20 for
i <€ nand the term

n—1

2 Sinso0 | @9
4 i=1 : .

consequently G exceeds one.?

3. Siace. the extreme inequality is taken as a situation when b y = 0 and
- N N . i =~ l‘; .

n—1
¥n = 1; if it is the unordered (equal weighted) case, %y =0. Naturally, in
B J =
) n—1 -
thqorde;ed case z iy¢> 0.

ac \
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. In general, G < 1 depending on

k .
1 2 .
n—l+n—l(iz "‘")
=1
/
1 < |
2 - r+2@—1) (210
I'=k41

* As proposed by Chen er al, [2), a normahsed Gini ratio G‘ is defined
as follows :

n . n
T ip)— 1 b 1+2m—1
o n—1+n—1(.-=1'y‘)_ n—1i=k+1y‘( ( )

T
(1+ 2 3 iy'.')

n—1 ;-1

-(2.11)

It 1s not difficult to reallsc that like the conven’uonal Glm ratio G the
normahsed Gini ratio G" lies between 0 and 1 For, in the case of
equally distributed incomes i = —;— ¥ i, and G" reduces to G, under .

(2.1), taking a value zero. And, in the event of extreme inequality,

) n—1 '
14 1 + 2 2 iy — 1 )
A n—1 n—1 . ;_4 n—1
G* = — 1 - —1 (2.12)
) 2 ¥ s
1 + —1 ijl iy

— -In the afore mentioned normalisation the definition of & (equation 2.6)
becomes too special if one is handling empirical data. Normally, in most
empirical situations we face data profiles, wherein there exists a value k',
.say, such that

X ' k' +1 -
z y, <0 and , 21 »yw >0 (2.13)
| = b= .
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. A . N
There is thus a need to remodify G* to get another version of normalised

Gini ratio, namely G"""
Again, following Chen (2], Berrebi [1] and Chen [3], the entxty

7

kl

2 - . .
n— 1 I‘Zl l}-’t is written as
2 2 1 L A '
' e 2k’)
n—1 z ly‘+"—l'z y‘(z Ve (-.f )
and the normalised Gini ratio takes the .following fofm :
4 A
*s _ 2
G ~ B
1 2 K
>threA=l+‘n—1 + n— 1 zl}'i
i=1
. : ,
S — 2)’4(—(1+2k))
l-=ll
1 n .
T =1 ) 4] [1+2(n—1)]
i=k+1
- 'k/
— 2 . 1
B=1-+ e z ly'+—’(n—1)'

i=1

% K
DN A (RS

Va1
i=1 i=1
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It can be easily seen, as in case of G"' that G*"‘ also lies betweeno
and I.

, A

Since the asymptotic distribution of G in the case of positive entries is
available due to Ramakrishnan [8] and further since we have used in
sequel its results and certain symbols and notations, we reproduce them
in the form of Lemma that follows i

- N . A 2
LemMA : Asymptotic distribution of G is N ( G, %L) (2.14)

' ' - " Ghay, Go,y
2 . Oy - a2 _— 12
Whelje ?ﬂ 4!_;‘2 + - p.l ‘ ) p,’,

6y = lim nvar(A)=4V[E|Y*— Y, 1}, -
nepes .

and V[E| ¥Y* — Y, | ] = variance of the conditional expectatidn of
‘ ' | Yy — Ya I, glven ¥, is equal to some ﬁxed
value, say, Y* '

Y S
6, = lim n cov (A, Y) =2Cov[E|Y* — Y,|, Y4
n>o

03 = lim n var (?) = ot
n>»x

G = Gini ratio for the population

A

2
where, further, A = the population mean difference
w = population mean.

Proof : The above results are proved by Ramkrishna [8], which are
based on the theory of u-statistics and Hoeffding theorem [6). It can be
seen that A and X are the correspondmg u-statistics for estimable para:
meters A and &,




TESTING THE SIGNIFICANCE RELATED 10 GINI RATIO A 125

Also observe that 2 Vi X (G . G) : 4/n (A =A)—3Gvn(X—n

. ,
R — P
and X — P

e

Invoking Slutsky’s thebrem (Serfliig, [10]; pp 19) and Hoeffding’s result,

it follows that
oA asy )
V1 (G—G) —+ N0,

Remark : In the above result the estimation of ¢ is given by o, (Glas-
ser, (4], PP 653) such that for large nand N (popn size); so that

._41
N
A AooA Aﬁ o .
o= 7 [varA;—ZGcov (A1, ¥) + Givar ¥y (2.15)
n
A 1
where var Ay = — z A:z —(A)’

K

[

n—1

A, =['(2i’— n—1 Y+t

. n
where, further, t;= X ¥Yi— X ¥z '
. T1>d j=<i
n
A1 A
A=\n z A
. i=

n
A ‘ 1
Cov (Ai, Y)) = o Z

n
Var (Y)) = 711— z (Yi —
i=1
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‘ A A
3. Asymptotic Distributions of G* and G**
' . ' A A
‘In what follows we obtain the sampling distributions of G* and G**,

A ) A
THEOREM 1. G™ has the same limiting distribution as that of G. -

Proof : The proof is based on the results of Slutsky’s Theorem and the
theorem on convergence in probability. Let us first recapitulate that

k n

i=1

1, 2 5 1y ey
. n—1 z iy = f=1 i )
=1 nin—1)Y |
: k- ' _; . )
2 s . mkd Bk '
E_[n(n—l)ik'___zl I’Y‘]—nn—l)"_nl(n—ﬂ) |
, 2 . |
and n_l:z:x E[m—_lf z iY, ] =0 - (32

The result (3.2) is obvious l:nacausc—n,‘E -0 as n —> oo; since in any

population (viable economy), the number of units possessing negative
income is finite. Hence, by definition,

’ k
2 : mean
’l(ﬂ—l) ,;1 IY‘—'—)- 0
Since, convergence in mean implies 6onvergence in probability, we have
2 p -
FE=1) ,Zl Pho—0

Hence, by theorem on convergence in probability,

k e 4
2'12 1i Yin(n—1)Y —s 0
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which, implies that,
k

2 . P ‘
z IhW—>0 ' /
n—1 ;= : ,

2 o | (3.3)
or 1l + -n—?T Z=1 1Y ., 1 .

By Slutsky’s Theorem,

A
G

k
2 .
1+ i;l;w

4 : A
Therefore, G* has asymptotically the same distribution as that G.

2
. (Tq
is asymptotically distributed as N ( G 5 )

D : A A
THEBOREM 2. Asymptotic distribution of G** is same as that of G.
Proof : At the first instance, we will show that

K k

]- J’( ’ ) p
("—])l;l-y‘ (i;l Yty + ) ~
For this, we write its LHS as
. g' y
t . . )
G2 1y') (14 2k) z no (3.4)
(=1 Yoy 7 n—1) & ° .
k’
we have v S Yin
T oy=_t=1
iw ]l Y
kl

' Y
Note that i=21 7 —— 0
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- P
and Y —>p

Hence by theorem on convergence in probability, we have

o P ' _
2w —=>0 : (3

,k' ] P
or- (.2 y)P —>0
P=1".

_ )4 ‘ _
Also observe that (n — 1) y,/\; —— 1 (3,6)

Combining (3.5) and (3.6) : and by theorem on convergence in probabil-
lty, we have .

k7
( 2wt p _
L di=1 —_ 0 3.7
= 1) Yon ' ;
It can easily be shown that
(14 2%) e
m—1 z il '——> - (3-§) .

Again, invoking the theorém on convergcnce in probablhty and the res-
ults (3.7) and (3.8), we get

“

b 2 i k ‘
[(:=1y') ES TS ] Lo

@ =D in =1 n ,

Havmg estabhshed this and usmg the result (3.3), we notice- that the

denominator in the expresswn for G""' converges to unity in probability,
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k’ N
2
ie. 1l + z I W 1
i=1 ‘
; g
o K Yo : P .
LB wd =1 qquye —>1 (9
Ve o ‘ ) . '

n—1

A .
Since G** can also be written as

G** — — o T
: 2 L. 1 Z .
r+ 2y ty,+———y4{ e }
n—1 n—.1 —_— . Y.
"~ ( )_ o A+ 2)

(3.10)

It lmmedxately follows that. the asymptotlc d1str1butxon of G""'= issame as

_that of G Thus .

G** ~ N (G, __a": ) X . @y

Hence, whatever k we may encounter the Gini ratio deﬁned to 1nclude
negative incomes as well, will have the same asymptotlc distribution as
-that of conventlonal Gini ratio. :

Once the asymptotxc distributions "of G* and G" are known, the rela-
‘ted tests of significance based on single’ sample or two independent
samples can easily be carried out for large a. For instance, let us take
the case of two 1ndependent samples of sizes n, and n, respectwely based
on two dlstnbutlons F(y) and G(y) :

Let G‘ and. Gz be two estlmates of Gml ratios based on these two'
‘gamples. : ,
In order to test whether these two coeﬂicnents dlﬂ'er s1gn1ﬁcantly from

each other, the appropriate test-statistic under Hy : G = G,2 , is given by
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G G‘ .
z=\/1A — ~N(Q,1.
. 2
. % ooy
: ~ ny + Ha
where
, A A
2 - . .
99 = asymptotic variance of G,.
m
A |
o
—ni = asymptotic variance of G
2 .

A A ‘
If we employ G** instead of G*, the test-statistic will be .

N A - .
Z=(GT'—G;')/\/ +—-/~N(Ol)
! s
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